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Upwind Scheme for Acoustic Disturbances
Generated by Low-Speed Flows

John A. Ekaterinaris*
RISOE National Laboratory, DK-4000, Roskilde, Denmark

Computation of acoustic disturbances generated by unsteady, low-speed flows, such as flows including vortices
and shear layers, can be obtained by a recently proposed two-step method. This method requires a hydrodynamic
field solution and obtains the acoustic field from the perturbed, inviscid, compressible flow equations. A numerical
method for the solution of the equations governing the acoustic field is presented. The primitive variable form of
the governing equations is used for the numerical solution. Time integration is performed with a fourth-order,
Runge-Kutta method. Discretization of the primitive variables space derivatives is obtained with a high-order,
upwind-biased numerical scheme. Upwinding of these convective fluxes is performed according to the eigenvalue
sign of the coefficient matrices. Nonreflecting boundary conditions are applied to properly convect outgoing waves
away from the computational domain.Solutions are obtained for the acoustic field generated by a pair of corotating
point vortices. Computed results are compared with the existing analytic solution for the sound field.

Nomenclature
4, B =flux Jacobian matrices
A, B = coefficient matrices
c = speed of sound
f,g  =flux vectors
P = hydrodynamic pressure
P = freestream pressure
P = average pressure
p! = acoustic pressure
q = vector in flow and acoustic variables
q = primitive variable vector
7o = distance between point vortices
U,V =hydrodynamicvelocity components
ul, v/ = acoustic velocity components
x,y = Cartesian coordinates
r = vortex circulation
Jo) = constant incompressible density
o) = density correction
Jo = acoustic density
® = angular velocity

I. Introduction

ENERATION of acoustic excitations and propagation of

sound waves in low-speed, practically incompressible flow-
fields is a subject of theoretical interest and importance to many
industrial applications. The compressible Navier—Stokes equations
describe both sound generation and propagation at all flow condi-
tions. Direct numerical simulation of the unsteady, compressible
Navier—Stokes equations, when they include both the near and the
far field, offers the advantage that the near-field quantities, e.g.,
the sources, are directly computed simultaneously with the far-field
sound radiation. Direct numerical simulations for low freestream
speeds, however, are prohibitively expensive for practical prob-
lems, such as blade vortex interaction in helicopterand wind turbine
blades, jet noise, and other applications. Direct numerical simula-
tions were used for simpler problems, cf. Refs. 1-3. Less computa-
tionally intensive methods, such as the numerical solution of the lin-
earized Euler equations;*~® can be used for numericalpredictionsof
sound propagationand scattering in the absence of freestream flow.
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These methods require a priori knowledge of the sound source and
cannot be used to predict sound generation, i.e., the sound source.
The idea of separating the sound sources from propagation effects
was used in acoustic analogy theories, e.g., Refs. 7-9. Acoustic
analogies are used for aeroacoustic predictions of low Mach num-
ber flows. The source terms in many acousticanalogiesare estimated
from the incompressible part of the near field.

The far-field radiation from a stationary or moving sound source
with subsonicor supersonic speed can be obtained from Kirchhoft’s
method. This method is summarized in a recent review.!” The
Kirchhoff’s method does notrequirea fine numerical mesh to propa-
gate the sound to the far field and providesan advantage for far-field
sound radiation predictions. It requires, however, careful selection
of a smooth surface close to the sound source on which the flow
variablesare computed from a computationalfluid dynamics (CFD)
solution. Sound radiation is calculated from the computed pressure
onthis surface. Kirchhoffintegral methods have been used with suc-
cess in Refs. 11 and 12 for far-field aeroacoustic noise predictions.

Recently, Hardin and Pope!* proposed a two-step procedure for
computational aeroacoustics, which is suitable for both generation
and propagation of sound in low-speed flow. This technique intro-
duces a hydrodynamic density correction to the constant hydro-
dynamic density and splits the compressible Euler equations into
hydrodynamicterms and perturbed acoustic terms. Computation of
sound generation and propagation is carried out in two steps as
follows. First, the viscous hydrodynamic flowfield is obtained ei-
ther from a closed-form solution or from a numerical solution of
the unsteady, incompressible flow equations. A density correction
P to the constant hydrodynamic density o, is defined through an
isentropicrelation. The pressure in this isentropicrelationis consid-
ered to be the deviation of the instantaneoushydrodynamicpressure
from its time average. The density correction relates the low-speed
flowfield with the acoustic field and acts as the sound source to the
compressible acoustic field. Once the density correction is defined,
the acoustic radiation is obtained from the numerical solution of
an inhomogeneous system of the perturbed, compressible inviscid
equations, which include the density correction, the hydrodynamic
flow variables, and their derivatives, in additionto the acoustic fluc-
tuations.

The advantage of the two-step splitting approach of Hardin and
Pope,'* compared to the acoustic analogy theories is that it obtains
the source strength directly from the low-speed, unsteady flow and
properly accounts for sound radiation and scattering. Therefore,
this approach can be used for aeroacousticcomputations where the
sound is generated by both compact and distributed sound sources.
Sound radiation in the far field and acoustic scattering from solid
bodies also can be computed.
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The technique of Ref. 13 was applied for the calculation of sound
generation by a two-dimensional cavity in low-speed flow'* and for
sound radiation by a spinning vortex pair.!> The flowfield, for both
the cavity flow and the corotating vortices, is rather complex. In
both cases, the sound propagates in the presence of a nonuniform
flow velocity. In addition, for the cavity case, scattering from the
solid walls occurs in the presence of a nonuniform flow speed. It
appears, therefore, that this method can be used for aeroacoustic
predictions in practicalapplications. The numerical solution in both
Refs. 14 and 15 was obtained with the McCormack’s predictor—
corrector scheme. The purpose of the present paper is to apply a
high-order accurate, upwind-biased numerical scheme to the solu-
tion of the equations proposed by Hardinand Pope. The same model
problem of a corotating vortex pair, investigated in Ref. 15, is used
to validate the numerical procedure.

The sound field from corotating vortices was investigated
numerically® with the direct simulation of the compressible Navier—
Stokes equations. It has also been the subject of theoretical works by
Powell’ and Miller and Obermeier,'® which predicted that the gen-
erated sound is that of a rotating quadrupole. The sound field from
corotating viscous vortices has not been determined analytically.
For the simplified case of inviscid point vortices there is an analytic
closed-form solution for both the hydrodynamic flowfield and the
acoustic field. Testing of the numerical solution for this problem
is facilitated because the flowfield does not need to be recomputed
with different time steps and grid densities.

Inthe followingsections,the governingequationsoriginally given
inRef. 13 are summarized. These equationsare written in a primitive
variable form for the acoustic fluctuations. A space discretization
procedure, suitable for the evaluation of the convective derivatives
of the primitive variable form, is presented. The numerical method
is tested for time and space accuracy and solutions are obtained for
several flow conditions for the corotating vortices. The results are
compared with the analytic solution.

II. Governing Equations

The equations governingthe acoustic field induced by low-speed
flows, originally presented in Ref. 13, are
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In these equations, the acoustic fluctuations are the acoustic density
o normalized by the freestream density @, the acoustic velocities
ul and v/ normalized by ¢, and the acoustic pressure p/ normalized
by mc?. For isentropic flow, the acoustic pressure p/ is related to
the instantaneous, time-dependent hydrodynamic pressure and the
density p = py + p + o through the following isentropic rela-
tion p/ po = (p/ @)”. The nondimensional form of the isentropic
relation is

p=1y) P (2

The low-speed flowfield and the acoustic field are coupled through
the variable density correction py = py(x, t), which is defined as
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The flowfield variables U, V, and P are obtained either from
the numerical solution of the time-dependent incompressible flow
equations or from an analytic solution.
The equations of the acoustic field [Egs. (1)] can be written in a
form more convenient for numerical treatment as follows:
~0q ~0q ~0q ~
C—=+A—+B—==h 4
ot 0x oy @
where ¢ is the primitive variable vector for the acoustic fluctua-
tions, 4 and B are flux Jacobianmatrices, and C is a transformation
matrix:
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Multiplicationof Eq. (4) with the inverse of the transformationma-
trix C—! yields the primitive variable form of Eq. (1)

0q ~0q =~0q -~
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o Tt By, = ©)
where A and B are coefficient matrices and s is the source term in
primitive variables. These terms are obtained by

A A ~ A A A ~

A=C-'24, B=C-'B, S=C-'h

The coefficient matrices and the source term for a Cartesian coor-
dinates systemare given in the Appendix. The form of these matrices
is given for both isentropic flow, where the acoustic pressure is ob-
tained from Eq. (3), and for general flow, where the acoustic pressure
is obtained from a homogeneous equation for acoustic pressure as
suggested in Ref. 13. Equation (5) is the primitive variable form
of Eq. (1) and is used for the numerical solution along with the
appropriate boundary conditions at the far-field boundaries of the
computationaldomain.

III. Boundary Conditions

Boundary conditions for aeroacoustic computations were tested
in Ref. 6. It was found that the Tam and Webb* boundary condi-
tion, which is also the simplest to implement, performs better than
other nonreflecting boundary conditions in use to aeroacoustics.
Therefore, at the far field of the computational domain, the Tam
and Webb* acoustic radiation boundary condition is applied and the
acoustic variables are obtained from

1 0 1

0 r )at+cose +sm9 +2 =0 (6

The vector g, contains the far-field variables ¢, = [p/ + oy, ut, v/]”
at the boundaries, V, = (U + u/)cosO + (V + v/)sin6, and
r = (x*4 %) and O are the polar distance and angle between
the boypdary point and the source. It was shown in Ref. 4 that the
accuraCy of this boundary condition is of order r—'? and the ac-
curacy increases exponentially with the distance r of the boundary
point from the source. The time derivative in Eq. (6) is discretized
with a first-order accurate formula and the variables g at the com-
putational boundaries are updated explicitly.

IV. Numerical Implementation

The perturbed Euler equations given in the preceding section
[Egs. (1)]have beensolved numerically in Refs. 14 and 15 usingthe
explicit, predictor—corrector, McCormack scheme, which is second-
order accurate in both space and time. In this paper the primitive
variable form of the governing equations [Egs. (5)] is used. Time
integrationof the primitive variable form of the governingequations
can be obtained either with explicitor implicit methods. In any case,
time accuracy is required for the inherently unsteady aeroacoustic
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problems, and a scheme with sufficient time accuracy*!” must be

used. An explicit time-integration scheme is chosen because it is
less computationally intensive compared to implicit schemes and
can provide high order of accuracy.

A. Time Marching

The Hardin and Pope splitting method allows the separation of
the computation of the viscous hydrodynamic field and the acous-
tic field. The flow computation requires a highly stretched viscous
mesh in the regions of large flow gradients. The acoustic field com-
putation does not require a highly stretched mesh similar to the one
used for the hydrodynamic computation. As a result, the numeri-
cal stability limitations for the acoustic field computation are not
as severe as for the viscous flowfield computation, and an explicit
scheme may be used for time integrationof the equations governing
the acoustics. Large time steps in time marching and a high order
of time accuracy can be obtained with the following low-storage,
fourth-order Runge—Kutta method:
¢'=q¢"+aRq").  ¢=4¢"+aRq) .
qn+l - q4

q"=q",

=4"+aRd), ¢ =4q"+ R,
where ¢" is the primitive variable vector at time level n, R is the
right-hand-side residual term, and ¢; are the Runge—Kutta coef-
ficients. In Ref. 17, higher-order methods for time integration in
aeroacoustic computations were tested. It was found that higher-
order time accuracy does not yield improvements compared to the
classical fourth-order method.

B. Space Discretization_
The matrices 4 and B are diagonalized as follows:
A= X, A% X7, Bt = XpA: X5 ®)
where A4 and Ajp are diagonal matrices containing the eigenvalues
of A and B, X4 and Xj are the left eigenyector, and X;l and
X7' are the right eigenvector matrices of 4 and B, respective-
ly. These matrices are given in the Appendix. After diagonaliza-
tion, A= AT + A— and B= Bt + B—, where 4™ and 4— contain
only positive and only negative eigenvalues, respectively.

The convectiveterms g, = 0g/ 0x, ¢, = 0g/ 0y are computed us-
ing upwind differences based on the sign of eigenvalues of the co-
efficient matrices 4 and B. This method was originally proposed
by Courant et al.'® as a finite difference scheme for the solution of
hyperbolicequations,and it was used! for the solution of the com-
pressible Euler equations. The right-hand-sideresidual term R, of
Egs. (7),0q/0t = R=73 _( A4, + Bg,), is computed as

R=5_[(477 + 44D + (B3 + B4))] ()

where g— and ¢* are evaluated with backward and forward upwind

difference operators, respectively. First-order upwinding is too dif-

fusive to produce a solution with reasonable number of grid points.

Therefore, higher-order, upwind-biased formulas are used to evalu-

ate the derivatives g, = 0gq/0x and g, = 0g/ 0y as follows.
Third-order accuracy is obtained for

a7 = é(_awz + 6Giv1 —3qi —2Gi_1)

(10)
47 = 2(2qiv1 + 33 —6Gi _1 + qi_2)
fourth-orderaccuracy for
a:— = 1—12(5,'4_3 _65,’4_2 =+ 185,’+1 _1051 _351'_1)
(11

47 = 1_12(35i+1 +10g; _18q; _1+ 64 _> _qi_3)
and fifth-orderaccuracy for
5: = %(4'25:43 —15Gi 42+ 60g; 41 —20g; _30g; _1 + 3q;_»)

I7 = 55(3Giv2 + 30 41 + 204; —60g; _y + 15G;_5 —2q; _3)
12)

Most of the computing time at each time step is spend to con-
structthe A+ and B+ matrices. Once these matricesare constructed,

a higher order of accuracy can be obtained for a very small addi-
tional computing cost using Egs. (11) or (12) instead of Egs. (10).
The proposed method based on the primitive variable formulationof
the governing equations providesa higher order of accuracy in both
spaceand time comparedto the second-orderaccurate methods used
inRefs. 14 and 15. A higherorderof accuracyis important for aero-
acoustic computations* %17 because it reduces dispersion errors.

V. Results and Discussion

The two-step splitting technique for computationalaeroacoustics
proposed by Hardin and Pope!? appears to be a practical approach
for the prediction of sound fields generated by low-speed practi-
cally incompressible flows. Predictions obtained for sound genera-
tion, propagationand scattering from low-speed flow over a cavity'*
have shown good agreement with the experiment. Computation of
a similar sound field, however, has as a prerequisite the accurate
computation of the unsteady flowfield so that a time-average pres-
sure is obtained from the time periodic solution and perturbation
of the hydrodynamic density can be defined. As a result, testing of
numerical methods for the equations governing the acoustic part of
the problem alone becomes time consuming for problems where the
flowfield cannot be obtained from an analytic solution.

Recently, Lee and Koo' applied Hardin and Pope’s'? technique
to the computation of sound generation from a corotating vortex
pair. For this problem, there is an analytic, closed-form solution for
the flowfield. Therefore, testing of the present numerical scheme
proposed for the solution of the equations governing the acoustics
is performed for this problem because time and space resolution
studies are performed efficiently and without ambiguity. Computed
results obtained with different grid densities, time steps, and order
of accuracy for the evaluation of the convective terms are compared
with the closed-form solution. The acoustic field solution for the
corotating vortex pair was obtained in Ref. 16 with the method of
matched asymptotic expansions (MAE).

A. Analytical Solution

The corotating vortex pair consists of two point vortices, which
are separated by a fixed distance and rotate around each other with
period T = 87%r3/ T, where ry is the half-distancebetween the vor-
tex centers and I is the vortex circulation. The corotating vortices
and a sample numerical mesh used for the calculations is shown
in Fig. 1. The inherent unsteadiness of the corotating vortex flow-
field generates sound. Each vortex induces on the other a veloc-
ity vo = I/47mro. A rotating Mach number is defined from vg as
M, = vol ¢y = T/ (4mrycy) = 27/ T, where ¢, is the freestream
speed of sound. It was shown in Ref. 20 that the quadrupole charac-
teristics are a function of M, and that for M, 0.1 the corotating
vortices are acoustically compact. The flowfield'is obtained from a
complex potential function. The flow velocities, the hydrodynamic
pressure, and the acoustic pressure fluctuation are given by

U_iv r =z
iV=——
- imz? _b?
T'w b? Ir

P =P —_—

ot/ Vs [r{zz_bz) —zan]

P, =P -

o 0_po27r2r4_ré

pl = pl[Ja(kr) cos(D) _ Ya(kr) sin(D)]
ol

3.4.2°
647 c;

pl = D=2ax _6)

wherez= x+iy=re'®, b=rye’®, yadenotesthe real part of a com-
plex quantity, w= I/4mr? is the angular speed, R= (7> _b?),
k=2al ¢y, and J,(z) and Y»(z) are the second-order Begsel func-
tions of the first and second kind, respectively. The vortex sound
theory proposed by Mohring?! was also used to predict sound from
acoustically compact vortical flows. Application of this theory?
yielded a quadrupole expression for the acoustic pressure equiv-
alent to the one derived in Ref. 16 with the MAE solution.
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Fig.1 Corotating vortices and mesh used for the numerical solution.

The strength of the vortices is proportionalto the circulation T,
which also determines M, and the intensity and frequency of the
acousticfield. At middle distance between the point vortices, which
is the coordinate system origin, the acoustic pressure p/ becomes
singular and very close to the vortex centers the hydrodynamic ve-
locities and pressure have large gradients. In Ref. 15 a vortex core
model was used to replace the point vortices. The vortex core model
is not used, instead the mesh points are placed far enough from the
vortex centers. For grid points located closer than the point vortex
separation distance r, convergence cannot be obtained.

A Cartesian grid is used for the numerical solution. The computa-
tional domain is centered at the origin, which is also the location of
the source,and containsthe same number of grid points from the ori-
gin to far-field boundaries. The minimum grid spacing, Ax = Ay,
for which a smooth solution without a vortex core model can be
obtained, is Ax ~ 2.1ry, where ro= 1 because it is used as refer-
ence length. Solutions are computed for M, = 0.05, I'= 27/ 10, and
M, = 0.075and 0.10. The first case is an example of a representative
low-frequency sound field, and the higher rotation Mach numbers
are examples of faster rotation and higher frequency cases. Grid
spacing of Ax=2.2 provides approximately 20 points per wave-
length for the highest frequency case (M, = 0.10) considered in this
study.

The acoustic field computation starts from zero values of acous-
tic density and velocity fluctuations. Acoustic waves are generated
initially at the source, where the flow gradients are the largest. As
the unsteady computation progresses, these waves propagate from
the origin outward to the computational boundaries at a rate ap-
proximately one wavelength per cycle. The solution reaches time
periodicity, when the waves formed at startup are convected outside
of the domain. Depending on the size of the computationaldomain,
approximately four to five cycles are required to achieve time peri-
odic response. The acoustic field generated at M, = 0.05 is chosen
as the representative case for which numerical accuracy tests are
conducted. Time and space resolution studies are performed, and
the accuracy of the numerical solution is demonstrated by detailed
comparisons with the analytic solution. The space and time resolu-
tion requirements for the numericalsolutionare identified. Improve-
ments obtained by usinga higherorder of accuracy for the derivative
evaluationare shown. Finally, results for higher frequency cases are
presented.

B. Solution for M, = 0.05

The size of the computationaldomain is determined by the order
of accuracy provided by the boundary condition (r—*?) and the
level of the acoustic variables at the boundary. The magnitude of
acoustic pressure is proportional to the vortex circulation or the
rotational Mach number M,. For low rotational Mach number or
vortex circulation, the acoustic pressure level is small. Therefore, in
the computations, the lower the circulation or M, is, the larger the
required extent of the computational domain becomes. In general,
domains that include three to four wavelengths in each direction
were found sufficiently large for accurate solutions. Computations
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Fig. 2 Effect of computational time step on space resolution for so-
lutions computed with A4 = 1.25(Nr = 100), At, = 0.50A ¢, and
At =0.25At;; M, = 0.10 and " = 277/10.
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Fig.3 Effect of computationaltimestep on time resolution for solutions
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and I" = 277/10.

in larger domains, which included approximately six wavelengths
in each direction, have been obtained. The computed solution did
not show any difference compared to the solution computed in the
smaller domain.

The effect of the time step is investigated first. The same domain
with grid spacing Ax = 4.0 is used. Solutions are computed with
100, 200, and 400 time steps per cycle or Ar=1.225, 0.62, and
0.31, respectively. The numerical solution does not converge for
time steps Az >, 2, which appears to be the stability limit for time
integration. A comparisonof the computed acoustic pressuresalong
the horizontaldirectionat the same time after convergenceis shown
inFig. 2. The points on the analytic solutionmark the location where
the numerical grid points are located. All of the numerical solutions
do not follow as closely the rapid variations of pressure predicted
by the theory approximately half-wavelength from the source. The
computations match the theoretical predictions approximately half-
wavelength away from the source. The solution computed with the
largest time step shows the maximum deviation from the analytic
results. A comparison of the computed acoustic pressure variation
over one time period at a point located 2.5 wavelengths away from
the source, with the analytic solution, is shown in Fig. 3. The so-
lutions computed with A7 = 0.62 and 0.31 are identical, whereas
the solution computed with Ar=1.25 shows larger phase errors
compared with the solution that is computed with a smaller time
step. Therefore, all of the other solutions are computed for time
steps of At o 0.5. The overall qualitative agreement of the com-
putedacoustic pressure with the analytic solutionis shown in Fig. 4,
where the pressure levelsalong the diagonaldirectionare compared.
The overallagreement of numerical solution with the analytic solu-
tion is excellent. Even at the region close to the origin the numerical
solution has rather small relative error with respect to the analytic
predictions.
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Fig. 5 Effect of grid spacing on space resolution, for solutions com-
puted with A x; = 4.0 and Ax; = 6.0; M, = 0.10 and I" = 277/10.

A grid resolution study is performed next and computed solu-
tions for M, = 0.05, in domains of the same extent and with grid
spacings of Ax =3, 4, and 6 nondimensional units, are compared
with the analytic solution. The same time step Az=0.62 is used
for these computations. Figure 5 shows a comparison of the com-
puted acoustic pressure along the horizontal axis with the analytic
solution. The solutions computed with Ax = 3 and 4 are practically
identical. The solutionscomputed with Ax = 6, which provides less
than 20 points per wavelength, shows deviations from the analytic
solution and the results computed with a higher grid density. It ap-
pears, therefore, that a minimum of 20 points per wavelength is
required for the numerical solution. The acoustic pressure variation
over one time period for a point located at R= 2.5A away from the
source, obtained from the solutions computed with two different
grid spacings, is compared in Fig. 6 with the analytic solution. It is
seen that poor grid resolution causes larger phase errors.

The effect of the order of accuracy used to evaluate the convec-
tive terms is shown next. Two solutions computed with Az =0.62
or 200 time steps per cycle, Ax = 4, and using third- and fifth-order-
accurate upwind formulas, respectively, are compared in Fig. 7. A
solution computed with Ax = 6 and fifth order of accuracy is also
shown. The solution computed with fifth order of accuracy and
Ax =4, is practically indistinguishable from the analytic solution
away from the source. Increased order of accuracy improves the so-
lution quality. Also, the solution computed with Ax = 6 and higher
order of accuracy shows the same agreement with the analytic pre-
dictions as the solution computed with lower order of accuracy and
more grid points per wavelength. The relative error of each solution
with respect to the analytic solution over one time period is shown
in Fig. 8. The fifth-order-accurate computation is indistinguishable
from the analytic solutionaway from the origin. Higher order of ac-
curacy also reduces the phase errors. A negligible increase of CPU
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time, approximately2% more than the baseline third-order-accurate
solution, is only required to obtain the fifth-order-accuratesolution.

The pressure contour plot of Fig. 9 shows the overall qualitative
agreement of the computed solution with the analytic predictions.
The numericalsolutionpredicts well the two-dimensional wave pat-
tern, which becomes almost cylindrical in the far field. It appears,
therefore, that the one-dimensional upwind character of the space
discretization scheme still enables capturing of two-dimensional
waves with a numericalmesh that is notaligned with the wave fronts.
Solutions for two higher rotational Mach numbers, M, = 0.075and
0.1, are presented next.
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Fig. 9 Comparison of the computed acoustic pressure field with the
analytic solution; M, = 0.10 and I" = 277/10.
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Fig.10 Comparison of the computed acoustic pressure along the xaxis
with the analytic solution; M, = 0.075 and I" = 377/10.

C. Solution for M, = 0.075

A solutionofthe corotatingvortex pair sound field for M, = 0.075
is obtained. For this case the frequency is higherand a grid spacing
of Ax=3.0 is used in order to obtain sufficient number of grid
points per wavelength. A domain that contains approximately four
wavelengths in every direction is used for numerical solution and
the time step is fixed to Az=0.62. The acoustic pressure along
the axial direction obtained using the third- and fifth-order schemes
is compared with the analytic solution, as shown in Fig. 10. The
agreement is good, and improved resolution is obtained with the
higher-ordermethod. The time accuracy of both solutions is shown
in Fig. 11, where the acoustic pressure variation over a period is
compared. The qualitativeagreement of the computed solution with
the analytic results is shown in the pressure contour plot of Fig. 12.

D. Solution for M, =0.10

A solution of the corotating vortex pair sound field for M, =0.10
is obtained. For this case, the frequency is higher and a grid spac-
ing of Ax = 2.2 is used to provide sufficient number of grid points
per wavelength. A domain that contains approximately four wave-
lengths in every directionis used for the numerical solution, and the
time step is fixed to A7 = 0.62. The acoustic pressure along the pos-
itive x axis obtained from solutions computed using the third- and
fifth-orderschemes is compared with the analytic solution, as shown
in Fig. 13. Improved resolution is obtained when a higher order of
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Fig.11 Comparison of the computed acoustic pressure over one period
with the analytic solution; M, = 0.075 and I" = 377/10.
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Fig. 12 Comparison of the computed acoustic pressure field with the
analytic solution; M, = 0.075 and I" = 377/10.
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Fig.13 Comparison of the computed acoustic pressure along the x axis
with the analytic solution; M; = 0.10 and I" = 477/10.

accuracy is used. Even though the grid spacing is decreased, this
solution shows larger deviation from the analytic results compared
to the lower-frequency cases of Figs. 7 and 8. The time accuracy of
both solutions is shown in Fig. 14, where the acoustic pressure vari-
ation over a period is compared. The qualitative agreement of the
computed solution with the analytic results is shown in the acoustic
pressure contour plot of Fig. 15. The computations were performed
ona single processorofa power challenge SGI machine, where they
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Fig. 15 Comparison of the computed acoustic pressure field with the
analytic solution; M; = 0.10 and I" = 477/10.

required 1.325, 10— CPU s per time step per grid point. A typical
computation requires 15-20 min of CPU time.

Computation of higher-frequency sound fields is, in principle,
possible. However, for the corotating vortices, computations of
higher-frequency fields, corresponding to higher rotation Mach
numbers, would allow very few points per wavelength. The solu-
tions of Figs. 11 and 14, which are computed with the same grid,
show that the agreement of the computation with the analytic so-
lution deteriorated for the higher-frequencycase where fewer point
per wavelength are used. Grid spacing limitations, imposed by the
singular nature of the field at the origin, can be overcome by using
curvilinear stretched meshes or a vortex core model, as in Ref. 15.
Besides this limitation, the sound field generated by the corotating
vortex pair is a good test problem for the evaluation of numeri-
cal methods in aeroacoustics. The numerical solution is in good
agreement with the analytic solutions. Results obtained from the
solution of the three-equation system, where the acoustic pressure
is obtained from the isentropicrelation, or the four-equationsystem,
where the pressure is obtained as part of the solution, did not show
any difference. The numerical method has good wave-capturing ca-
pabilities and produces solutions with sufficient space accuracy and
small phase errors. It appears that the presentnumerical scheme can
be applied to more complex problems. Application of the method
to curvilinear meshes is straightforward.

VI. Conclusions

An upwind-biasednumerical method for the solution of the equa-
tions governing generation and propagation of aeroacoustic dis-
turbances caused by unsteady low-speed flows is presented. This
scheme is applied to the primitive variable form of the governing
equations. It performs time integration with a fourth-order Runge—
Kutta method and for space discretization uses upwind-biased for-
mulas based on the eigenvalue sign of the coefficient matrices. The
numerical method is tested for the acoustic field generated by a co-
rotating vortex pair. The numerical solution is in good agreement
with the analytic solution. The method has good time and space
resolution. A higher order of accuracy for the evaluationof the con-
vective fluxes improves the solution at a very small computational
cost. Application of the numerical scheme to curvilinear meshes is
straightforward, and extension to three dimensions is possible.

Appendix: Eigenvalue and Eigenvector Matrices

The primitive variable vector form of equations governing the
acoustic field is

op! I_
E+V_W+pv_v__

5p1
E +v V)l]

ov v _
E+V_VV/+ o =

_a_V oV + v
pat+(p +v) \7"]

op/ ) _
E+V 'VJI_'-pC V_VI_O

where v= V + w, and V is the flow velocity vector, v is the acous-
tic velocity vector, po=p + o + oI, and p=(p + p)/ p. The
last equation (see Ref. 13) gives the pressure variation in a general
flow. For isentropic flow the pressure is obtained from the algebraic
equation (2). The source term s is given by

oo op  Op B

+Uum—+ Vo

ot Ox Jy

_oU  _ o _ ou
= |Pa Tt (pU + u’)a + (pV + V’)E
el pU /a—V oV /a—V
p5; t(PU+unZ=+(p +v)ay

0

The matrices ;1, 1~3, A%, A%, X4 and X ;l for the three-equation
system valid isentropic flow are

u p 0 v 0 p
[(A=|3lp u 0 Bl=| o v o
0 0 u AHp 0 v

where u = U + ul/, c is the local speed of sound,

1P+ p)
o]

op!
62:%:(@+p1+p/)w—1>:

and

A% = diaglu, u _c,u+ ], AF = diag[v,v _c,v+c]

0 _ple plc 0 0 1
[X=]0 1 1 (X' = _c/2p 1/2 0
1 0 0 c2p 1/2 0

and similarly for [ Xg] and [ Xp]-".
The matrices 4, B, A%, A#, X4, and X- ;l for the four-equation
system describinga general flow situation are

u p 0 0 v 0 p 0
= 0 u 0 1/p ~ 10 v 0 0
[41= 0 0 u O [B1= 00 v 1/p

0 p?2 0 wu 0 0 p? v

A% = diaglu, u, u _c,u+ c], A = diag[v,v,v _c, v+ c]
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and similarly for [ Xz] and [ X3]-".
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